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Dynamic equations have been obtained for the two-point double 
correlations of the fluctuation velocities of a fluid and the particles 
suspended in it at low volume concentrations of the solid phase. In 
the case of uniform isotropic turbulence these equations can be con- 
siderably simplified. The final period of decay of isotropic turbulence 
has been studied in detail. At this stage in the case of high-inertia 
particles the inhomogeneous-fluid turbulence is similar to the turbu- 
lence of a homogeneous fluid (without particles) in the sense that the 
presence of the particles affects only the fluctuation energy but leaves 
unchanged the spatial scales of turbulence and the spatial energy spec- 
trum function. The suspended particles lead to exponential damping 
of the turbulent pulsations. 

Little theoretical information is available on the hydrodynamics 
of a suspension of fine particles in a turbulent liquid or gas. Research 
has been mainly confined to the behavior of the individual particles 
in a given turbulence field [1]. The problem of the turbulent motion 
of the mixture as a whole has been examined by Barenblatt [2], who 
derived the equations of motion of the mixture, using Kolmogorov's 
hypothesis to close them. Hinze [3] has also attempted to derive equa- 
tions for turbulent pulsations of the mixture. However, as Murray 
showed [4], Hinze's equations contradict Newton' s third law. 

The effect of suspended particles on the turbulence of a two-phase 
flow is governed by the noncorrespondence of the local velocities of 
the particles and the medium. The forces of resistance to the motion 
of the particles relative to the fluid lead to additional dissipation of 
fluctuation energy and decay of turbulence [2]. On the other hand, 
if the averaged velocities of particles and medium do not correspond, 
the suspended particles may also have a destabilizIng effect [5, 6], 
causing energy transfer from the averaged to the pulsating motion. 
Below we shall consider the case where the averaged velocities of the 
two phases coincide, i . e . ,  we shall deal only with the first of the 
two above-mentioned effects. 

1. F o r m u l a t i o n  of the prob lem.  Fol lowing B a r e n -  
bla t t  [2], we wri te  the equation of motion of the fluid 
and the suspended pa r t i c l e s  in the form 

(0 0) 
d~ (~ - -  O) ~ -  + ~ ~ v~ = 

(1.1) 
__ Op (~) O'r.i~) 

Ox, -~- ~ - - d l  ( J - -O)  g~-- /i ' 

Op(2) 0"r;5~2) 

Here  v i and w i a re  the ve loc i t i es  of f luid and p a r t i -  
c l e s ,  and d~ and d 2 a re  the dens i t i e s  of the f luid and 
the pa r t i c l e  m a t e r i a l ,  p is the vo lume concen t ra t ion  
of the p a r t i c l e s ,  gi are the components of g r a v i t a -  

t ional  a c c e l e r a t i o n ,  p ( 1 ) P ( 2 ) a n d  r(J{,- r(~]- a re  the 
p r e s s u r e s  and v iscous  s t r e s s  t e n s o r s  for  fluid and 
p a r t i c l e s ,  r e spec t i ve ly ,  f i  is the i n t e r ac t i on  force  
opera t ing  between p a r t i c l e s  and fluid n o r m a l i z e d  for 
uni t  volume of the mix tu re .  

�9 We shal l  a s s u m e  that d 1 = cons t  ( i ncompres s ib l e  
fluid), d 2 = const ,  and concen t ra t ion  p << 1. The �9 
a s sumpt ion  enables  us to se t  d 1 (1 - p )  ~ d~ in the f i r s t  
of equat ions (1.1). In view of the s m a l l n e s s  of p we 

can neglect  the effect of par t ic le  in teract ion,  i .e. ,  take 
r!.  2) and p(2) equal to zero.  Setting 

jl  

/ Ovi Ovj I p(1) 

where ~ is the v iscos i ty  of  the fluid, ins tead of (1.1) we 
get 

DF § v i  v~ - d~ Ox i Ox~Oxj gi - -  -~ , 

dx (1.2) 
0 0 = - - - ~ 1  - - "  

~ =  V ' ( ~  + wJ ~z~j ) w' d~p ~ g~' • = d, 

The cont inui ty  equation for the fluid and the mass  
balance equation for the pa r t i c l es ,  given the above a s -  
sumpt ion that p << 1, a s sume  the form 

0 v j  0p 0pwj  
oxj - -  O, --or -~- ~ = 0. (1.3) 

As usual,  we cons ider  the tu rbulence  uniform in the 
s e n s e  that, f i r s t ly ,  the averaged c h a r a c t e r i s t i c s  of the 
motion in the region  i n  quest ion do not depend on the 
coordinates  and t ime,  and, secondly  al l  the two-point  
co r r e l a t i ons  depend only on the vec tor  of the d is tance  
between the points,  but not on the locat ion of these 

points .  
we  introduce the f luctuat ions in velocity,  p r e s s u r e  

and par t ic le  concen t ra t ion  

p = ( p ) + p ' ,  p = ( ~ ) ) + p ' .  

The sign ( ) denotes averag ing  with r e spec t  to t ime 
or a sma l l  physical  volume.  In accordance  with the 
usual  method [7], we a s s u m e  that these t i m e  or space 
averages  a re  ident ical  with the probabi l i ty  means .  

F ina l ly ,  we a s sume  that for averaged motion there  
is no force (fi), i .e . ,  ~v i} = (wi). This a s sumpt ion  is 
n e c e s s a r y ,  in pa r t i cu l a r ,  in s tudying isot ropic  t u rbu -  
lence.  F rom the phys ica l  viewpoint,  it is,  gene ra l ly  
speaking,  equivalent  to the a s sumpt ion  that the forces  
of gravi ty  a re  sma l l  compared  with the viscous  and 
ine r t i a  forces .  

2. The dynamic equations for the correlationa. It 
! 

is easy  to see  that for the f luctuat ions v i the first of 
equat ions (1 .3)holds ;  f rom the second of equations 
(1.3) it follows that 

0~vj' 0p" 0p'w S 
-- ~ t " -  (wj) 

Neglect ing p in the f i r s t  of equat ions (1.1) and in the 
cont inui ty  equation for the fluid means  a s s u m i n g  that 
c o r r e l a t i o n s  of the type 

p t t t p t \  (p~iv~),  ( O ~ v ~ , ,  (p'~c(vi') etc. 
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a r e  s m a l l  c o m p a r e d  with the c o r r e l a t i o n s  of the s a m e  
o r d e r  for  the v e l o c i t i e s  v;  and  w;.  However ,  such  c o r -  
r e l a t i o n s ,  in which  ~r = f i / ( p )  is  used  i n s t ead  of p, a r e  
not  n e c e s s a r i l y  s m a l l .  T h e r e f o r e  in the g e n e r a l  c a s e  

Ow,( Owi'w j" , Ow i' 

(2.1)  
Owi'w f O~ 0": Ozw/ 

= - - & ~ -  + w; ~- + <w~> ~,,' o~ + ~ '  ~;f-~ ' 

and s i m i l a r l y  for  the c o r r e s p o n d i n g  a v e r a g e d  q u a n t i -  
t i e s .  Th i s  r e l a t i o n  is  m o r e  exac t  than  that  used  in [2] 

9,, w?::0. <w;w. - 

At point A in space the equations for the velocity fluctuations 
corresponding to the flow equations (1.2) take the form 

a~-  (Vi )A "j- [ ( V j )  ~ - ( V j ) A ]  ( V i )  A = 
A 

o 0 = . _ l  ~ )  

Here and henceforth the prime that previously denoted fluctuation 
quantities has been dropped; as before averaged quantities are denoted 
by <vi), <u,i> etc. 

Multiplying the first of these equations by the value of the fluctua- 
tions of the j - th  component of velocity at the point B and adding the 
result to the similar equation for the j - th  component of velocity at 
the point B multiplied by (Vi)A, we obtain, with account for the first 
of equations (1.3) and the fact that differentiation at the point A does 
not extend to (vj) B, and vice versa, 

-07 (Vi)a (v)~ x 

o 
: o t I ( ~ X ~ ) A P A ( V ~ ) B  + 

-( ' 

At Ji = O, this equation coincides with the one usually employed 

U]. 

I n t r o d u c i n g  the c o r r e l a t i o n  no ta t ion  

= v \ ~K >')~ = ((V~)ap,,), 

f y  (v!~ 0") = (p~ (v~),),(Su, ~), .~ = ((v~)~ (V~.)A(V~)B) , (2.3) \** 10' l / A ,  B . , . 

q (v),~ 
a ' i '  k J J A ,  B = ( ( L ' ~ ) A  ( ~ ) k ) B  (FJ)B)' 

1 

(r = W [<(/3.t (v~),) + ( ( / )~  (v~)~)], 

and  the d i s t a n c e  ~ i = (Xi)B - (Xi)A b e t w e e n  A and  B, a s  
a r e s u l t  of a v e r a g i n g  Eq.  (2.2) we get  

(2 .4)  
Oz __ (I) (v) I ( 0 ~.(,,~ O K . ~  _ _  V~,) -~ i ,~  . 

= ~ Co~-~ "%'. ~ - -  ~ ,. ~ / . ov o~, o G 

Qui te  a n a l o g o u s l y ,  t ak ing  in to  a c c o u n t  (2.1), we get  
the fo l lowing  e q u a t i o n  for  the doub le  c o r r e l a t i o n  with 

r e s p e c t  to p a r t i c l e  v e l o c i t i e s :  

- ~ I I ,  ~,~: - 7 - ~  ~ .  ~; -- ,- .:, ~ + L~I~ ) + 

~,r ( w )  , " ~v~, 00) + <~,,,~) ~,~,~, ,~, ~ + ~ I '~  ) = • r~. ~ . 

Here  

(2.5) 

(Hq, J)A,, = ((w3a (wg~), 

, -  (,r) ~ a - -  5 . 4 _ ) >  (~'"~. ~. ~.~, ~ = ~ ( " G  (wJ)n ~ ( ~  
(2.6) 

t N. {wh 0 
, , , ,  ,.,,, = 

' )1 

and  the c o r r e l a t i o n s  S(w) a r e  e x p r e s s e d  in t e r m s  of w i 
j u s t  a s  S (v) a r e  e x p r e s s e d  in t e r m s  of v i .  

U s i n g  (1.3) and (2.1), it  i s  a l so  e a s y  to ob ta in  the 
equa t ion  for  the d y n a m i c s  of the change  in  the mixed  
c o r r e l a t i o n  ((Vi)A(Wi)B). Adding  the equa t ion  ob ta ined  
by  i n t e r c h a n g i n g  the  p a i r s  of s u b s c r i p t s  i ,  j and  A, B, 
we get  

1 / W  \ a~" (t', ~L') ;~T, (V.  *) i { 0 h "  {t~) 
' "'~'~ dt  \O~, i "'~'  

O K(W)~ e~ - -  q) (w) • (~) (2.7) 

He re  

(T kJ )a ,  1~ : ((V/)A (WJ)#) 27 ((VJ)B (Wi)A~, 

i ,  Icj ] A ,  B 

e (vv. wL 
o/b, i /a, B = ((V~) ~ (V/~) r (u ' i) . ) ,  (2.8) 

(Li!~' ~))A , <(Vi)A t 5 0:u b O~A 
, % , B  ot / § ~(v% 

.1~ (v,w)~ B <(Vi)A OzI" 0:A " 
k ~*a i, k, j )A, 

O(:w~.).4 

_ (w)  (w)  _(w) . (v ) ,  
The c o r r e l a t i o n s  Kp,j ,  Ki, p, r  (or wi, j) a r e  e x -  

p r e s s e d  in  t e r m s  of w i (or vi) in the s a m e  way a s  

K(v) ,  (v) (v) _ (w), p , j  Ki, p, @i,j  (or 'Vi,j  j a r e  e x p r e s s e d  in t e r m s  of 
v i (or wi).  

To m a k e  the above  equa t i ons  de f in i t e ,  we m u s t  f ind 
the  r e p r e s e n t a t i o n  of the c o r r e l a t i o n s  c o n t a i n i n g  the 
f o r c e  f i  in  t e r m s  of the  c o r r e l a t i o n s  with r e s p e c t  to 
f lu id  and  p a r t i c l e  v e l o c i t i e s  and  the c o n c e n t r a t i o n  p. 
F o r  th i s  p u r p o s e  we m u s t  use  the e x p r e s s i o n  for  f i  in  
t e r m s  of v, w and  p (v and  w a r e  the to ta l  f lu id  and  
p a r t i c l e  v e l o c i t y  v e c t o r s ) .  U n f o r t u n a t e l y ,  a n  a n a l y t i c a l  
e x p r e s s i o n  for  the fo r ce  deve loped  by the f luid on a 
s i n g l e  p a r t i c l e  c an  be g iven  on ly  if the f luid v e l o c i t y  
v a r i e s  l i t t l e  o v e r  d i s t a n c e s  l a r g e  c o m p a r e d  with the 
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s i z e  of the  p a r t i c l e s ,  i .e . , ,  the  s p a t i a l  m i c r o s c a l e s  of 
t u r b u l e n c e  m u s t  be  m u c h  g r e a t e r  t han  the  p a r t i c l e  
s i z e .  

H e r e  i t  is  a s s u m e d  tha t  the  f o r c e  F d e v e l o p e d  by 
the  f lu id  on a s i n g l e  p a r t i c l e  is  g i v e n  by S tokes  f o r -  
m u l a .  Then  f o r  the  f o r c e  f i  we  ge t  

p 9v 
/~ = -~ F~ = cd~p (v~ - -  w0, c = ~ , (2.9) 

w h e r e  0 is  the  v o l u m e  and a the  r a d i u s  of  the  p a r t i c l e .  

In the general case the following expression has been proposed for 
F [8]: 

i <0 
v = ~ e:o ( ~  + w . : , )  ( v -  ~ ) -  o v a -  <~.1o) 

t 

The first term in the right side is the excess intertia force for 
accelerated r:elative motion of the particle, the second is the excess 
pressure drop force, .and the third the linear resistance force with 
allowance for the nonstationary effect. 

The first and second terms can be neglected at d2 >> dl. The 
integral term can be neglected if the particle size is sufficiently small. 

A s s u m p t i o n  (2.9) c o n c e r n i n g  the  p r o p o r t i o n a l i t y  of 

the  f o r c e  f i  to  the  r e l a t i v e  v e l o c i t y  v i  - wi  i s  e q u i v a -  
l e n t  to  the  f o l l o w i n g  a s s u m p t i o n s  wh ich  a r e  f u n d a m e n -  

t a l  to th i s  s tudy:  

p ~ f ,  x = d l  l d,a ~ t ,  a ~ g , (2.11) 

w h e r e  ~ is  the  i n t e r n a l  s c a l e  of t u r b u l e n c e .  

F r o m  the  d e f i n i t i o n  of the  c o r r e l a t i o n s  ~ i , j  and ~ i , j ,  
u s i n g  (2.9), we ge t  

tO, ~v) = c <p> [2 (V~,5)A, B - -  (T.~, J)A, B] + cO, (<pvw>) t, ,.~ A , B  

( m'(v~ = - -  C <0> [2 (W~, 3)A,'~ - -  (Tr ~)A, B] + C02 (<pVW)) 

(,r" (% [2 (V~, D~, --~,~A,~ = c  __ (TLj)~. , ]  , (2.12) 

( , v J ? ) ~ .  ~ = - -  ~ [2  (w~ ,  D ~ , .  - -  (T~, D . . ]  �9 

Subs t i t u t i ng  (2.12) in to  E q s .  (2.4), (2.5), and (2.7), 

we ob ta in  the  s y s t e m  

02 
+ 2v ~ V~, ~ - -  C <9) (2Vi. ~ - -  r i ,  i ) ,  

- -  ,,v~,~ m 0~7~ t i .<,  - - J u . ~ s  T *<,  ~ ~ -  <wx<> .'1//i()7) s + 'v( '<~) 
Ot 

__c• ) , ~/-O T~.S + (2.13) 

i f t u(>) o u.(~)~ 
- (', ~) + a~J? ~) w t - a V " ' , '  - ~ .... " / +  + (w/<> - , ,  i, ~<, j = 

9~ 
+ v ~ T~, i + 2c (<p) Wi.  ~ + • ~) - -  c (<p) + • Tr i .  

Thus ,  in the  c a s e  of a n o n h o m o g e n e o u s  f lu id  the  

s i n g l e  e q u a t i o n  fo r  the  v e l o c i t y  c o r r e l a t i o n  (Vi , j )A ,B  
f o r  a h o m o g e n e o u s  f lu id  is  r e p l a c e d  by  t h r e e  e q u a t i o n s  

f o r  the  t h r e e  doub le  c o r r e l a t i o n s  (Vi , j )A,  B, (Wi, j )A,  B 

and (T i , j )A,  B.  

3. Decay of isotropic turbulence. As is known [1], for isotropic 
turbulence ii~ an incompressible fluid correlations of the type < gv i > 
(where g is any scalar) are identically equal to zero. In particular,  

=-/v), 
p , j  ~ O. For a compressible fluid, from the condition of  

invariance with respect to spatial rotations it follows that 

(~) =]K sq ,  I~ ;) = s~'~,, i (r) ~i 

where r is the scalar distance between points A and B. Therefore, as 
it is easy to see, 

0 - - K  t 1 _  

It is also easy to show that 

(w )  _~ / i , l  (% w )  
"~'I i ,  so, 5 - -  " "  i ,  7 :  , j ~: 0 

(this is immediate ly  clear from Eqs. (2.13); the terms with Mi, k, j 
containing "nonisotropic" multipliers < Wk>, must vanish in describ- 
ing isotropic turbulence). Moreover, for the double and triple correla- 
tions in (2.13) from considerations of general invariance there follow 
the known relations that enable these correlations to be represented 
in terms of a small number of scalar functions of r and time [1]. All 
this makes it possible considerably to simplify (2.13). 

B e l o w  we sha l l  d i s c u s s  in d e t a i l  only  the  c a s e  w h e r e  
the  i n f l u e n c e  of the  v i s c o u s  and i n t e r a c t i o n  f o r c e s  b e -  
c o m e s  p r e d o m i n a n t  as  c o m p a r e d  wi th  the  i n e r t i a  
f o r c e s  ( " f i n a l  d e c a y  p e r i o d "  to  u s e  the t e r m i n o l o g y  of 
B a t c h e l o r  and T o w n s e n d  [9]). Then ,  in a c c o r d a n c e  
wi th  the  g e n e r a l  p r i n c i p l e ,  we can  n e g l e c t  the  t r i p l e  
c o r r e l a t i o n s  in (2.13). C o n t r a c t i n g  (2.13), in th i s  c a s e  

we ge t  the  f o l l o w i n g  s y s t e m  fo r  the  t r a c e s  of the  c o r -  

r e l a t i o n  t e n s o r s :  

0 2v i 0 / e 0  . 
~ T V r  7~--~7~ r ~r I ' ~ , O - - c ( p ) ( 2 V ~ , i - - T ~ , O ,  

Wi,i = - -  c• (2Wi,i - -  T i ,0 ,  Ot 
o T = i 0 ( r ~ O  T , / )  - 

-OF i.~ v r- T a-7 

- -  c (<~) + x) T~,~ + 2e (<p> W~,~ + • ~). 

(3.1) 

We s h a l l  f i r s t  c o n s i d e r  the  c a s e  of h i g h - i n e r t i a  
p a r t i c l e s :  ~ --- 0. F r o m  the  s e c o n d  of E q s .  (3.1) i t  f o l -  

l ows  tha t  W 0 = Wi, i = W (r) .  In th i s  c a s e  only  d a m p i n g  
s o l u t i o n s  of s y s t e m  (3.1) m a k e  p h y s i c a l  s e n s e ;  t h e r e -  
f o r e  W 0 = 0. Thus ,  in the  l a s t  of E q s .  (3.1) we a r e  l e f t  
wi th  on ly  one unknown Ti ,  i .  H o w e v e r ,  i t  is  not  n e c e s -  
s a r y  to ' so lve  th i s  e q u a t i o n .  In f ac t ,  a t  r = 0, W0 m u s t  

be  e q u a l  to 3w20, w h e r e  

w0 2 = (w(~) = <w~ '2> ~ <u,~%. 

S ince  W 0 = 0 e v e r y w h e r e ,  the  q u a n t i t y  w 0 =- 0 and 
the  f l u c t u a t i o n s  w i' =- 0. H e n c e  and  f r o m  the  d e f i n i t i o n  

T O = Ti ,  i i t  f o l l o w s  tha t  T o is  i d e n t i c a l l y  equa l  to z e r o .  
(The p h y s i c a l  m e a n i n g O f  th i s  i s  o b v i o u s :  the  p a r a m -  

e t e r  ~ = 0 c o r r e s p O n d s  to  i n f i n i t e  p a r t i c l e  d e n s i t y ,  so  
tha t  t he  f l u c t u a t i o n  m o t i o n s  of the  f lu id  h a v e  no e f f e c t  

on the  p a r t i c l e  v e l 0 6 i t y ,  wh ich  a t  any  m o m e n t  of t i m e  
is  e q u a l  to i t s  m e a n .  W i t h i n  the  l i m i t s  of a s i n g l e  
f l u c t u a t i o n  the  s i t u a t i o n  r e s e m b l e s  the  m o t i o n  of a 
f lu id  in an  e v a c u a t e d  p o r o u s  body.)  Of c o u r s e ,  the  
s a m e  c o n c l u s i o n  m a y  b e  r e a c h e d  d i r e c t l y  f r o m  a c o n -  

s i d e r a t i o n  of  the  e q u a t i o n s  of m o t i o n  a s  ~ ~ 0. 
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C o n s e q u e n t l y ,  fo r  V 0 = Vi, i we ge t  the e q u a t i o n  

OVo 2v 1 O (r ~ 0, o V o ) -  2c <p> v0 (32) 

As is known [7], in the case of uniform turbulence the boundary 
conditions imposed on the solutions of the Corresponding equations 
(in particular, Eq. (3.2)) are determined by the existence of statistical 
uniformity of motion in space and do not require further examination. 
The initial conditions consist in that at a certain instant the velocity 
is a random function of the point. The actual form of this function 
is unknown and only the average quantities characterizing the turbu- 
lence field at the initial moment are given [7]. 

H e r e  we t ake  

l im V~.~ (r, t) = 3 v 0  ~ ~ 3 <Vl '2> :~ 3 <vs '~> ~_ 3 <v~'~>/(3.3) 
r -->0 i 

i t  b e i n g  a s s u m e d  thaL as  u sua l ,  the  m e a n  s q u a r e  of the  
o n e - d i m e n s i o n a l  f l u c t u a t i o n  v e l o c i t y  v~ m u s t  a l s o  be  
d e t e r m i n e d  f r o m  the  s o l u t i o n  (3.2). 

M o r e o v e r ,  f r o m  the  c o n t i n u i t y  e q u a t i o  n f o r  an  i n -  

c o m p r e s s i b l e  f lu id ,  wi th  c e r t a i n  a d d i t i o n a l  a s s u m p -  
t i ons ,  i t  f o l l o w s  [1] tha t  

co  

I r~Vi.i (r, t) dr = 0.  (3.4) 
Q 

C o n d i t i o n s  (3.3) and (3.4) a r e  the  only  c o n s t r a i n t s  
tha t  the  g e n e r a l  t h e o r y  p e r m i t s  us to i m p o s e  on s o l u -  
t i ons  of (3.2). 

It  is  e a s y  to s e e  tha t  

V0 (r, t) = exp ( - -  2c <p} t) Q~.i (r, t) , (3.5) 

w h e r e  Qi , i  (r ,  t) is  the doub le  v e l o c i t y  c o r r e l a t i o n  in 

the  h o m o g e n e o u s  f lu id ,  s a t i s f y i n g  (3.2) w i thou t  the  l a s t  

t e r m  on the  r i g h t  s i d e .  T a k i n g  a s  Q i , i  (r ,  t) the  known 
s o l u t i o n  of  M. D. M i l l i o n s h c h i k o v  [10], wh ich  is  in good 
a g r e e m e n t  w i th  e x p e r i m e n t  [9], we ge t  

Vo (r, t) 4C#-~ ( ( r~ 2c <p> t ) .  (3.6) = - -  / , \3- -~f f / l  exp - -  g~/ - -  

Thus ,  the  i n t e n s i t y  of  the  f l u c t u a t i o n s  d e c a y s  in a c -  

c o r d a n c e  wi th  the  law 

Vo ~ ~ tT%exp ( - -  2c <p} t) . (3.7) 

H e n c e  it  is  c l e a r  tha t  the  d e c a y  of  t u r b u l e n c e  in a 

n o n h o m o g e n e o u s  f lu id  d i f f e r s  v e r y  s t r o n g l y  f r o m  tha t  
in the  h o m o g e n e o u s  f lu id .  The  l aw of - 5 / 2  c h a r a c t e r -  
i s t i c  of  the  h o m o g e n e o u s  f lu id  is  r e p l a c e d  by an e x p o -  
n e n t i a l  d e c a y  c o n d i t i o n e d  by the  d i s s i p a t i o n  of f l u c t u a -  

t ion  e n e r g y  on the  s u s p e n d e d  p a r t i c l e s .  F o r  Vi , i  we 
c a n  w r i t e  [1] 

vo 2 0 [ r 3 j ( r , t ) ] .  V~,~ = vo 2 [] (r, t) + 2g (r, t)] = )~- -0~- 

U s i n g  Vi ,  i ( r , t )  f r o m  (3.6), f o r  the  l o n g i t u d i n a l  f (r, t) 
and l a t e r a l  g ( r ,  t) c o r r e l a t i o n  c o e f f i c i e n t s  we ge t  

O-" " 

T h e s e  e x p r e s s i o n s  c o m p l e t e l y  c o i n c i d e  wi th  the  e x -  
p r e s s i o n s  f o r  f and g in the  e a s e  of  t u r b u l e n c e  in a 
h o m o g e n e o u s  f lu id .  M o r e o v e r ,  the  s p a c e  s c a l e s  of 

t u r b u l e n c e ,  d e t e r m i n e d  f r o m  a s tudy  of  t he  c o r r e l a -  
t i ons ,  a r e  c o m p l e t e l y  de f ined  by t h e s e  c o e f f i c i e n t s .  
T h e r e f o r e ,  in the  n o n h o m o g e n e o u s  f lu id  c o n s i d e r e d ,  a s  

-~ 0 the c h a r a c t e r i s t i c  d i m e n s i o n s  of  the  e d d i e s  a r e  
i d e n t i c a l  to t h o s e  in the  h o m o g e n e o u s  f lu id .  

The  t h r e e - d i m e n s i o n a l  s p e c t r u m  func t ion  

E ( k , t )  = ~ -  k r s i n k r V i . i ( r , t ) d r - - e ~  e x p ( - - 2 c < p } t ) ,  

(3.9 

w h e r e  8 ~ (k, t) is  the  c o r r e s p o n d i n g  s p e c t r u m  func t ion  
fo r  t u r b u l e n t  m o t i o n  of a h o m o g e n e o u s  f lu id .  

Thus ,  the t u r b u l e n t  m o t i o n  of a s u s p e n s i o n  of h i g h -  
i n e r t i a  p a r t i c l e s  in an i n c o m p r e s s i b l e  f luid i s ,  in the 
f ina l  p e r i o d  of d e c a y  of t u r b u l e n c e ,  s i m i l a r  in s t r u c -  
t u r e  to the t u r b u l e n t  m o t i o n  of the  h o m o g e n e o u s  f lu id .  

The  only d i f f e r e n c e  is  in the  m o r e  r a p i d  d e c a y  of the 
f l u c t u a t i o n s - i n  the  f i r s t  c a s e  as  c o m p a r e d  with the  
s e c o n d  (damping  of t u r b u l e n c e  by the  p a r t i c l e s ) ,  whi le ,  

a s  f o l l ows  f r o m  (3.8) and (3.9), the e f f e c t  of the p a r t i -  
c l e s  b e c o m e s  p r e d o m i n a n t  a t  l a r g e  t. 

This conclusion is not unexpected. It is usual to assume [1] that 
since the additional dissipation of fluctuation energy is conditioned 
by "slip" of the particles due to the turbulent motion of the fluid and 
since this slip increases with increase in the wave number of the tur- 
bulence, the presence of particles must exert an effect on the energy 
spectrum of the turbulence mainly in the region of high wave num- 
bers. However, in the particular case examined the particles are 
actually stationary, i .e . ,  their slip with respect to the fluid does not 
depend on the wave number, as a result of which there is no distor- 
tion of the structure of the turbulence energy spectrum. 

AS y, ~ 0 i t  i s  a l s o  e a s y  to  ob t a in  a m o r e  g e n e r a l  
e q u a t i o n  fo r  V0--wi th  a l l o w a n c e  fo r  the  t r i p l e  v e l o c i t y  
c o r r e l a t i o n s .  Se t t ing ,  a s  b e f o r e ,  w 2 -= 0 and W 0 = T O = 0, 
we w r i t e  the c o r r e s p o n d i n g  e q u a t i o n  of the K a r m a n -  

H o w a r t  type  [11]. F o r  th i s  p u r p o s e  we use  the known 
e x p r e s s i o n  of the  t h e o r y  of i s o t r o p i c  t u r b u l e n c e  in an 
i n c o m p r e s s i b l e  f lu id  [1] 

S i  j - -  ~ - -  k~gitc, j ~ j ,  k j }  : F0:1 
' ~ Wc  [~  2 r  O r"  

;~ o~ q- 7s I~ ~[ ;  -ff =-2 ~ + 3 :aT + ~ I,, ~uj, 

!~ - I,: ( , , ,  t). 

Substituting this and the expression for Vi, j in 

terms off(r,t) in the first of Eqs. (2.13), after trans- 

formations and integration with respect to r we get 

0 2 a 

(3.10) 

i 0 (r~ oJ I o2;_(rs/) = 2vv0 2 ~v ~rr k 7r )  - -  2c {9> v0 2 V~- 

F o r  (p) = 0 th i s  e q u a t i o n  r e d u c e s  to the u s u a l  

K a r m a n - H o w a r t  e q u a t i o n .  

The  s t a b i l i z i n g  a c t i o n  of the  s u s p e n d e d  p a r t i c l e s  
and the  d e c r e a s e  in f l u c t u a t i o n  e n e r g y  in uni t  v o l u m e  

of m i x t u r e  a s  c o m p a r e d  wi th  the  f l u c t u a t i o n  e n e r g y  of 
the  h o m o g e n e o u s  f lu id  w e r e  e s t a b l i s h e d  in [2] on the  
b a s i s  of the  f l u c t u a t i o n  e n e r g y  b a l a n c e .  As  m i g h t  have  
b e e n  e x p e c t e d ,  the  r e v e r s e  e f f e c t ,  i . e . ,  e x c i t a t i o n  of 
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tu rbu lence  by the suspended  p a r t i c l e s ,  was not ob-  
s e r v e d .  This  is  connec ted  with the a s s u m p t i o n  that  the 
g r a v i t a t i o n a l  f o r c e s  a r e  s m a l l  and that  (v i )  - (wi ) .  

The au tho r s  thank G. I. B a r e n b l a t t  for  his useful  
adv ice .  
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